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Gravitomagnetic charge that can also be referred to as the dual mass or magnetic mass is the
topological charge in gravity theory. A gravitomagnetic monopole at rest can produce a stationary
gravitomagnetic field. Due to the topological nature of gravitomagnetic charge, the metric of space-
time where the gravitomagnetic matter is present will be nonanalytic. In this paper both the dual
curvature tensors (which can characterize the dynamics of gravitational charge/monopoles) and the
antisymmetric gravitational field equation of gravitomagnetic matter are presented. We consider
and discuss the mathematical formulation and physical properties of the dual curvature tensors
and scalar, antisymmetric source tensors, dual spin connection (including the low-motion weak-field
approximation), dual vierbein field as well as dual current densities of gravitomagnetic charge. It
is shown that the dynamics of gravitomagnetic charge can be founded within the framework of the
above dual quantities. In addition, the dual relationship between the dynamical theories of grav-
itomagnetic charge (dual mass) and gravitoelectric charge (mass) is also taken into account in the
present paper.
Keywords: gravitomagnetic charge, dual curvature tensors, gravitational field equation, antisym-
metric source tensor
PACS: 04.20.Cv, 04.20.Fy, 04.20.Gz
I. INTRODUCTION
The gravitomagnetic monopole possesses the dual charge to the mass. In this sense, the gravitomagnetic charge
can also be referred to as the dual mass [1,2]. Some authors referred to it as “magnetic mass” or magnetic-type mass
(magnetic-like mass) [3]. Historically, Newman et al. discovered a stationary and spherically symmetric solution (now
known as the NUT solution) that contains a second parameter ι besides the mass m, and regarded it as the empty-
space generalization of the Schwarzschild solution [4]. Demiansky and Newman found that the NUT space is in fact the
spacetime produced by a mass which has a gravitomagnetic charge [5]. Dowker and Roche independently rediscovered
this interpretation of the NUT parameter ι [6]. The cylindrically symmetric solution of gravitomagnetic charge (i.e.,
the cylindrical analogue of NUT space, which is the spacetime of a line gravitomagnetic monopole) [7] was considered
by Nouri-Zonoz in 1997. The various properties of NUT space attracts attention of some authors [3,8,9]. Lynden-
Bell and Nouri-Zonoz gave a new and more elementary derivation of NUT space based on the spherical symmetry
of gravitoelectric and gravitomagnetic fields of NUT space and the spherical symmetry of its spatial metric γab [8].
They proved that all geodesics of NUT space lie on spatial cones, and used this interesting theorem to determine
the gravitational lensing properties of NUT space [8]. Miller studied the global properties of the Kerr-Taub-NUT
metric [9]. Zimmerman and Shahir considered the geodesics in the NUT metric and found that the NUT geodesics are
similar to the properties of trajectories for charged particles orbiting about a magnetic monopole [3]. Recently, the
quantal field and differential geometric properties and related topics associated with the NUT space receive attention
of several researchers. Bini et al. investigated a single master equation for the gauge- and tetrad- invariant first-order
massless perturbation describing spin ≤ 2 fields in the Kerr-Taub-NUT spacetime [10]. In their another paper, Bini et
al. analyzed the parallel transport around closed circular orbits in the equatorial plane of the Taub-NUT spacetime
to reveal the effect of the gravitomagnetic monopole parameter on circular holonomy transformations [11]. As far
as the quantization of gravitomagnetic monopole is concerned, historically, many authors considered this problem by
analogy with Dirac’s argument for the quantization of magnetic charge [6,12,13]. In history, it was clear to see that
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such an idea (as Dirac’s theory) might not lead to a consistent quantum field theory for the gravitomagnetic charge
[8] if the gravitomagnetic charge is truly present in the universe. This topic will be further taken into consideration
in our other work regarding the quantum theory of gravitomagnetic monopole.
Lynden-Bell and Nouri-Zonoz thought that it is natural to ask how general relativity must be modified to allow
for gravitomagnetic monopole densities and currents [8]. They conjectured the generalization will be to spaces with
unsymmetrical affine connections which have nonzero torsion [8]. However, by analogy with the electrodynamics which
is only changed to include ∂µF˜µν = jνm but does not come with an additional vector potential [8,14] if the magnetic
charge truly exists, here we will suggest another alternative to this problem, i.e., constructing an antisymmetric dual
Einstein tensor to describe the gravitational field produced by gravitomagnetic matter. Note that here we will not
introduce extra unsymmetrical affine connections.
This paper has a threefold purpose: to establish the theoretical basis (such as dual curvature tensors) on which
the field equation of gravitomagnetic matter is suggested; to apply the gravitational field equation to some problems
(such as the NUT metric); to consider other related topics (such as the dual metric, dual spin connection and dual
current density). The physical reasons for the nature of the mathematical results obtained will be interpreted and
discussed wherever possible. The paper presents a detailed and self-contained treatment of the fundamental problems
of classical gravitomagnetic charge.
The paper is organized as follows: in Sec. II, by considering the connection among the NUT solution, Einstein’s
equation and the dynamics of gravitomagnetic matter, it is shown that gravitomagnetic matter requires a gravitational
field equation of its own; in Sec. III, we study the dual Riemann curvature tensors and dual Ricci curvature tensors.
The relationship between these dual curvature tensors and the Einstein (and Ricci) tensor is also demonstrated. In
Sec. IV, we take into consideration the comparison of the gravity theory (involving the gravitomagnetic charge)
with the electrodynamics, which will provide clue to us on how to construct the gravitational field equation of dual
mass (and hence its dynamics). Several fundamental subjects regarding the dynamics of gravitomagnetic matter are
discussed in Sec. V, which are as follows: (i) by using the variational principle, the antisymmetric dual Einstein tensor
is obtained with the dual curvature scalar; (ii) the antisymmetric source tensor of dual matter is constructed in terms
of the four-dimensional velocity and the corresponding covariant derivatives; (iii) the dual spin connection which will
arise in the field equation of dual mass is briefly suggested. The dual vierbein field, dual metric and dual current
density of gravitomagnetic matter are taken into account in Sec. VI. The importance of these quantities derives from
the fact that many dynamical variables (such as the source tensors) of physical interest regarding the gravitomagnetic
matter can be expressed in terms of them. To consider the connection between the gravitomagnetic charge and the
magnetic charge, in Sec. VII, we study the five-dimensional field equation of gravitomagnetic charge. In Sec. VIII,
we discuss briefly the duality relationship between the dynamical theories of gravitomagnetic charge (dual mass) and
gravitoelectric charge (mass). In Sec. IX, we conclude with some remarks.
II. WANTING A GRAVITATIONAL FIELD EQUATION NECESSARY
Is gravitomagnetic monopoles required of its own gravitational field equation for dealing with the gravitational
effects (properties, phenomena)? Before proceeding with the treatment of dynamics of gravitomagnetic matter, we
shall here consider a problem associated with the relationship among the field equation, the solutions and the Bianchi
identities. In an attempt to investigate the metric resulting from the presence of the gravitomagnetic charge currents,
we think that one may meet with problems concerning the choice of the “true” metric produced by gravitomagnetic
charge from the nonanalytic solutions of Einstein’s field equation. We argue that in history the gravitational field
equation of gravitomagnetic charge might get less attention than it deserves.
As is known to us all, in general relativity, the NUT metric (named after Newman, Tamborino and Unti) gµν(m, ι)
is the one describing the gravitational distribution produced by both the gravitoelectric charge (with mass m) and
the gravitomagnetic monopole (with dual mass1 ι) fixed at the origin of the coordinate system [5]. Since it is well
known that the NUT solution gµν(m = 0, ι 6= 0) satisfies Einstein’s vacuum equation Rµν = 0 (and hence Einstein’s
equation Gµν = 0 without matter), someone may hold that the dynamics of gravitomagnetic matter has already been
embodied in Einstein’gravitational field equation, or that the gravitational field equation of gravitomagnetic charge
has been involved in Einstein’s equation, or that the gravitational distribution of both mass and dual mass is governed
together by Einstein’s equation. Thus from the point of view of these peoples it is concluded that there exists no
1Dual mass is viewed as the gravitomagnetic monopole strength.
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other gravitational field equation of gravitomagnetic matter than Einstein’s equation, or that the potential suggestion
of its gravitational field equation is not essential in investigating the dynamics of gravitomagnetic monopole (should
such exist). However, even though it sounds reasonable, we think that these viewpoints may be not the true case.
We believe that, in fact, the gravitomagnetic matter needs its own gravitational field equation rather than Einstein’s
equation, since the latter governs the spacetime of gravitoelectric matter (mass) only. In what follows it will just be
concentrated on the field equation problem of gravitomagnetic charge by comparing it with the electromagnetic field
equation of magnetic monopole.
The NUT solution gµν(m = 0, ι 6= 0), which are the nonanalytic functions, truly agrees with Einstein’s equation
(empty-spacetime field equation), and it can truly describe the gravitational field near a gravitomagnetic monopole.
This, however, does not means that all the nonanalytic solutions to Einstein’s equation belong to the contribution
of gravitomagnetic charge. Namely, Einstein’s equation is overdetermined for determining the gravitational-potential
solutions of gravitomagnetic charge. Moreover, it can be further concluded that the NUT solution gµν(m = 0, ι 6= 0)
satisfying Einstein’s equation is not necessarily the one only to Einstein’s equation, just like the case that a solution
satisfying a Bianchi identity is not the one only to this Bianchi identity.
In order to clarify the above viewpoint further, let us consider an illustrative example. Since there are some
analogies between general relativity and electromagnetism, and most of the essential features of dynamics of electric
and magnetic charges share similarity to the gravity theories of gravitoelectric and gravitomagnetic charges, one can
prove the previous interpretation to be sound by analogy with the Maxwellian equation in electrodynamics. It is
well known that the electromagnetic field equation of electric charge and magnetic charge are written in the form
∂µFµν = jνe and ∂µF˜µν = jνm, respectively. Here, the dual electromagnetic field tensor F˜µν = 12ǫµναβFαβ with ǫµναβ
being the Levi-Civita tensor2. It is readily verified that the stationary monopole solution (say, the Wu-Yang solution
[15]3) also agrees with the field equation of electric charge (∂µFµν = 0 without the electric current densities). But
this does not means that the Wu-Yang solution should necessarily the one only to ∂µFµν = 0, since the equation
(∂µFµν = 0) is overdetermined for determining the monopole solution (for instance, it cannot set the magnetic charge g
in the Wu-Yang solution). Likewise, it is apparently seen that the electric charge solution of ∂µFµν = jνe automatically
agrees with the electromagnetic field equation of magnetic charge (i.e., ∂µF˜µν = 0 without magnetic charge densities
and currents). But it is clearly not suitable to say that the equation ∂µF˜µν = 0 is also the electromagnetic field
equation of electric charge current jνe . In fact, not all the analytical solutions which agree with ∂µF˜µν = 0 satisfy
the equation ∂µFµν = jνe . The reason for this may be as follows: for the latter field equation, the former equation is
merely a Bianchi identity. Similarly, for the magnetic charge, ∂µFµν = 0 should also be viewed as a Bianchi identity,
which may also be seen as follows: if the dual electromagnetic field tensor is defined to be F˜µν = ∂µA˜ν − ∂νA˜µ,
and the electromagnetic field tensor Fµν expressed in terms of the dual electromagnetic field tensor takes the form
Fµν = − 12ǫµναβF˜αβ , then the electromagnetic field equation of electric charge (i.e., ∂µFµν = 0 without the electric
current densities) can just be rewritten as the form of a Bianchi identity. Thus, we show that the equation ∂µFµν = 0
in the framework of dual 4-D potential vector A˜ν is truly a Bianchi identity. Since ∂µFµν = 0 is only a Bianchi identity
for the magnetic charge, it cannot be the electromagnetic field equation of magnetic monopole (similarly, Einstein’s
equation in empty spacetime is not the gravitational field equation of gravitomagnetic matter, either). This, therefore,
means that not all of the solutions satisfying this Bianchi identity may also satisfy ∂µF˜µν = jνm, i.e., not all these
solutions may surely belong to the effect of magnetic monopole (similarly, not all the empty-space generalizations of
the solutions of Einstein’s equation belong to gravitomagnetic charge, i.e., Einstein’s field equation cannot govern
independently the gravitational distribution produced by gravitomagnetic matter). In a word, gravitomagnetic matter
should have its own gravitational field equation.
In view of the importance of gravitational field equation of gravitomagnetic monopoles, it is certainly desirable to
construct a theoretical framework, within which the field equation (and hence its dynamics) can be established. First
and foremost, we should study the dual curvature tensors in Riemann space.
2Note that, in this paper, for the electrodynamics, the Levi-Civita tensor refers to that in Minkowski flat spacetime, while for
the gravity theory, ǫµναβ stands for the Levi-Civita tensor in the curved spacetime.
3The Wu-Yang solution is of the form (in spherical coordinate system) Ar = 0, Aθ = 0, Aϕ =
g(1±cos θ)
r sin θ
, which is a nonanalytic
function.
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III. DUAL CURVATURE TENSORS IN RIEMANN SPACE
In Sec. II, we showed that the investigation of gravitational distribution in the vicinity of a gravitomagnetic
charge/monopole should start with the needs of a gravitational field equation. In order to discover the gravitational
field equation of gravitomagnetic matter, we will proceed in a manner entirely analogous to what has been done for
that of magnetic monopole (i.e., first we define the dual electromagnetic field tensor F˜µν , and then we obtain the
quantity ∂µF˜µν from the variational principle with the dual Lagrangian density).
To lay a mathematical foundation for the field equation of dual mass that we will develop in the next section, first
we consider the properties of dual curvature tensors in Riemann space. The right- and left- dual Riemann curvature
tensors may be defined as follows
R∗µτων =
1
2
ǫ λσων Rµτλσ (right dual), ∗Rµτων =
1
2
ǫ λσµτ Rλσων (left dual), (3.1)
and consequently, the corresponding dual Ricci tensors take the form
R∗µν = gτωR∗µτων = −
1
2
ǫ τλσν Rµτλσ (right dual), ∗Rµν = gτω∗Rµτων =
1
2
ǫ λσωµ Rλσων (left dual), (3.2)
respectively. Note that ǫ τλσν Rµτλσ ≡ 0, i.e., the right-dual Ricci tensor R∗µν is identically zero. So, we think that
R∗µν may have no important value in dealing with the dynamics of dual mass and therefore we abandon it4 and only
adopt the left-dual curvature tensors in the following discussion. In particular, in what follows, the left-dual Riemann
tensor and its corresponding dual Ricci tensor will be denoted respectively by R˜µτων and R˜µν , i.e.,
R˜µτων ≡ ∗Rµτων = 1
2
ǫ λσµτ Rλσων , R˜µν ≡ ∗Rµν =
1
2
ǫ λσωµ Rλσων . (3.3)
It should be pointed out that in this section, without loss of generality, we shall restrict ourselves to the left- and
right-dual curvature tensors only. For other dual curvature tensors (such as mid-dual and two-side dual tensors) one
may be referred to the appendix to this paper.
To consider further the properties of dual curvature tensor, we will present the following three interesting and useful
identities regarding the above-mentioned dual curvature tensors:
1
2
ǫθτωνR˜µ των = −
1
2
(
Gθµ +G′θµ
)
,
1
2
ǫθτωνR˜ µτων = −
1
2
(
R′θµ +Rθµ
)
,
1
2
ǫµναβ
(
R˜µν − R˜νµ
)
= −1
2
[(Rαβ −Rβα)+ (R′αβ −R′βα)] ,
1
2
ǫµναβ · 1
2
[(Rµν −Rνµ) + (R′µν −R′νµ)] = R˜αβ − R˜βα. (3.4)
Here R′αβ = Rαλλ β , R′µν = R λµ λν . The proof of the first identity in Eq.(3.4) is given in Appendix 2 to this paper.
Now let us look at the second identity in Eq.(3.4), which can be easily verified as follows:
1
2
ǫθτωνR˜ µτων =
1
4
ǫθτωνǫ λστω R µλσν = −
1
2
(
gλθgσν − gλνgσθ)R µλσν = −12
(Rθν ν µ −Rνθ ν µ) , (3.5)
where for the calculation of ǫθτωνǫ λστω , readers may be referred to Appendix 1. In Appendix 1 the Ricci tensor is so
defined that Rνθµν = Rθµ. By using Rθν ν µ = R′θµ, the second identity in Eq.(3.4) is proven correct. With the help
of the formulae5 in Appendix 1, one can arrive at
4It should be pointed out that in the published paper [Gen. Relativ. Gravit. 34, 1423-1435 (2002)], however, we adopted the
right-dual form rather than the left-dual one. Such a situation was caused by the fact that the form of the Riemann curvature
tensor Rµναβ applied in the GRG paper (see, for example, Eq.(7) in the above-mentioned GRG paper) refers to the form Rαβµν
expressed in the present paper.
5It follows from the formula presented in Appendix 1 to this paper that the inner product of two Levi-Civita ten-
sors/symbols (where the summation is to be carried out over the repeated index µ = 0, 1, 2, 3) reads ǫµναβǫ λσωµ =
−
(
gλνgσαgωβ + gλβgσνgωα + gλαgσβgων − gλβgσαgων − gλνgσβgωα − gλαgσνgωβ
)
.
4
12
ǫµναβR˜µν = 1
4
ǫµναβǫ λσωµ Rλσων
= −1
4
(
Rλαβλ +Rβναν +Rαβνν −Rβανν −Rνβαν −Rανβν
)
= −1
4
(Rαβ −Rβα)− 1
4
(
R′αβ −R′βα
)
. (3.6)
Thus we obtain
1
2
ǫµναβR˜µν = −1
4
[(Rαβ −Rβα)+ (R′αβ −R′βα)] , −1
2
ǫµναβR˜νµ = −1
4
[(Rαβ −Rβα)+ (R′αβ −R′βα)] .
(3.7)
It follows that
1
2
ǫµναβ
(
R˜µν − R˜νµ
)
= −1
2
[(Rαβ −Rβα)+ (R′αβ −R′βα)] , (3.8)
which is the third identity in Eq.(3.4). Furthermore, by the aid of the formula in Appendix 1, one can show that the
fourth identity in Eq.(3.4) holds also.
In the following we will briefly discuss the difference between Rµν and R′µν . For the Riemann tensor, even though
Rαµνβ = −Rαµβν holds, the relation Rαµνβ = −Rµανβ is no longer valid due to the nonanalytic property of the
metric tensors, which can be seen from the following calculation:
Rαµνβ +Rµανβ = ∂ν (Γα,µβ + Γµ,αβ)− ∂β (Γα,µν + Γµ,αν) = (∂ν∂β − ∂β∂ν) gαµ 6= 0. (3.9)
Thus we have Rαµνβ = Rµαβν + (∂ν∂β − ∂β∂ν) gαµ. With the help of Rµν = gαβRαµνβ and R′µν = gαβRµαβν , one
can arrive at
Rµν = R′µν + gαβ (∂ν∂β − ∂β∂ν) gαµ, (3.10)
which is the relation between Rµν and R′µν . Apparently, if gαµ is an analytic function, then we have Rµν = R′µν .
It should be noted that in the dynamics of gravitomagnetic matter, the metric is often nonanalytic. For this reason,
one should distinguish R′µν from Rµν in the treatment of the problems where both mass and dual mass are involved.
IV. THE CONNECTION BETWEEN THE GRAVITY THEORY AND THE ELECTRODYNAMICS
It is useful to consider the analogies between the gravity theory and the electrodynamics in developing the grav-
itational field equation of dual matter. This deep connection between them will make the establishment of gravity
theory of gravitomagnetic matter more enlightening and possible.
The first analogy between them is that the Lagrangian density of electromagnetic fields can be constructed in terms
of the dual field tensor F˜µν , i.e.,
−1
4
F˜µνF˜µν = −
(
−1
4
FµνFµν
)
with F˜µν = 1
2
ǫ αβµν Fαβ , (4.1)
the gravitational analogy to which arises also. By making use of the identities of Eq.(3.4), it is shown that
1
2
ǫµτωνR˜τωνµ = −R (4.2)
with R being the curvature scalar.
The second analogy is that one can obtain the term ∂µF˜µν that appears on the left-handed side of the electro-
magnetic field equation of magnetic charge currents from the variational principle with the dual Lagrangian density
L = − 14 F˜µνFµν . Note that here the variational principle is applied to L with respect to Aµ. In the similar manner,
for the gravity theory, the dual Einstein tensor G˜µν can also be derived via the variational principle with the dual
curvature scalar R˜, i.e.,
δ
∫
Ω
√−gR˜dΩ = 0⇒ G˜µν = R˜µν − R˜νµ, (4.3)
5
where Ω denotes the spacetime region of volume integral and dΩ is the volume element. The dual curvature scalar
R˜ is defined to be R˜ = gµνR˜µν = 12ǫµλστRλστµ with R˜µν = 12ǫ λστµ Rλστν . The relation (4.3) will be developed in
more details in Sec. V.
The third analogy between the gravity theory and the electrodynamics may be seen from the following three set of
expressions. The relation between the electromagnetic field tensor Fµν and its dual F˜µν is
F˜µν = 1
2
ǫ αβµν Fαβ, Fµν = −
1
2
ǫ αβµν F˜αβ . (4.4)
In the meanwhile, there exist the similar relations between curvature tensors and their dual. For example,
R˜µντω = 1
2
ǫ αβµν Rαβτω, Rµντω = −
1
2
ǫ αβµν R˜αβτω (4.5)
and
R˜µν = 1
2
ǫ λστµ Rλστν ,
1
2
(Rµν +R′µν) = −1
2
ǫ λστµ R˜λστν . (4.6)
Note that the first expression of Eqs.(4.6) is due to the definition of the dual Ricci tensor R˜µν in (3.3), and the second
expression of Eqs.(4.6) can be derived from the second identity in Eqs.(3.4).
We have, therefore, investigated in detail the properties of dual curvature tensors in Riemann space. Thus, the
foundation of the dynamics of gravitomagnetic matter is laid in the preceding sections. Moreover, we have also
discussed the problem of the requirement for a gravitational field equation of gravitomagnetic matter of its own
in studying both the gravitational field distribution produced by the gravitomagnetic charge and the equation of
motion of gravitomagnetic monopoles. In the following section, we will derive the gravitational field equation of
gravitomagnetic matter from the variational principle with the dual curvature scalar.
V. GRAVITATIONAL FIELD EQUATION OF GRAVITOMAGNETIC MATTER
What in gravity theory may be caused by the existence of the gravitomagnetic monopoles? Will it lead to unsym-
metrical metric and/or to modify Einstein’s field equation? As the topological charge in spacetime, gravitomagnetic
charge will inevitably result in the nonanalytic parts in the metric functions. In this sense, gravitomagnetic monopole
does not introduce the so-called extra gravitational potentials. So, here we need not employ the unsymmetrical met-
ric in the treatment of the dynamics of gravitomagnetic matter. In order to determine the nonanalytic parts of the
metric functions caused by the gravitomagnetic monopoles, we should first suggest a gravitational field equation of its
own. A systematic procedure for the gravitational field equation of gravitomagnetic matter will be developed in this
section. It will lay a physical foundation for the mathematical formalism in Sec. IV. If the gravitomagnetic charge
is not present, then the contribution of this gravitational field equation without source term in general relativity is
easily shown to vanish, on account of its status of Bianchi identity. But, it will play an essential role in treating the
gravitational distribution problem of gravitomagnetic matter (should such exist). For examples, we shall illustrate
the application of this field equation to the NUT solution and the equation of motion of gravitomagnetic monopoles.
A. Dual curvature scalar and variational principle
With the introduction and motivation in the previous sections, we are now in a position to find a gravitational field
equation of gravitomagnetic matter. For this aim, one should first construct a Lagrangian density that can describe
the gravitational field with nonanalytic property. Such a Lagrangian density should be a one that will be vanishing if
the metric function is analytic. The only one we can choose is just the dual curvature scalar R˜. So, the dual action
I ′ of the gravitational field produced by the gravitomagnetic matter may be of the form [1,2]
I ′ =
∫
Ω
√−gR˜dΩ =
∫
Ω
√−ggµν
[
(1− ζ)R˜µν + ζR˜νµ
]
dΩ, (5.1)
which is a four-dimensional volume integral of the dual curvature scalar R˜. Note that the dual Ricci tensor R˜µν is
asymmetric in µ, ν. So in Eq.(5.1), we introduce a certain parameter ζ to rewrite the dual action I ′. The variation of
the action I ′ is
6
δI ′ =
∫
Ω
δ
(√−ggµν) [(1− ζ)R˜µν + ζR˜νµ]dΩ +
∫
Ω
√−ggµν
[
(1− ζ)δR˜µν + ζδR˜νµ
]
dΩ, (5.2)
The first term on the right-handed side of Eq.(5.2) can be rewritten as∫
Ω
δ
(√−ggµν) [(1 − ζ)R˜µν + ζR˜νµ]dΩ =
∫
Ω
√−g
[
(1− ζ)
(
R˜µν − 1
2
gµνR˜
)
+ ζ
(
R˜νµ − 1
2
gνµR˜
)]
δgµνdΩ
=
∫
Ω
√−g
[(
R˜µν − 1
2
gµνR˜
)
− ζ
(
R˜µν − R˜νµ
)]
δgµνdΩ. (5.3)
Now in the following we will calculate the second term on the right-handed side of Eq.(5.2). For convenience, we set
A =
∫
Ω
√−ggµν
[
(1− ζ)δR˜µν + ζδR˜νµ
]
dΩ. The infinitesimal variation of the dual Ricci tensor δR˜µν is given
δR˜µν = 1
2
δǫ λστµ Rλστν +
1
2
ǫ λστµ δRλστν . (5.4)
In Appendix 3, we show that the variation
∫
Ω
√−ggµν 12ǫ λστµ δRλστνdΩ is actually a surface integral over the boundary
of the volume, namely, it can be transformed into a four-dimensional volume integral of a divergence. Since the varia-
tional principle assumes that the variation δgµν vanishes on the boundary, it follows that
∫
Ω
√−ggµν 12ǫ λστµ δRλστνdΩ
has no effect on the variation of the action and therefore gives no contribution to the derivation of the dual Einstein
tensor G˜µν . We can, therefore, ignore this term
6. Thus, the term
∫
Ω
√−ggµνδR˜µνdΩ in A can be reduced to∫
Ω
√−ggµνδR˜µνdΩ = 1
2
∫
Ω
√−ggµνδǫ λστµ RλστνdΩ. (5.5)
By using the formula in Appendix 4, Eq.(5.5) can be rewritten as∫
Ω
√−ggµνδR˜µνdΩ = 1
2
∫
Ω
√−ggµν
(
−gµαgθβǫθλστ + 1
2
gµθgαβǫ
θλστ
)
RλστνδgαβdΩ
=
∫
Ω
√−g 1
2
(
−gναǫ λστβ Rλστν +
1
2
gαβǫ
νλστRλστν
)
δgαβdΩ
= −
∫
Ω
√−g
(
R˜νµ − 1
2
gνµR˜
)
δgµνdΩ
= −
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ. (5.6)
In the same fashion, the term
∫
Ω
√−ggµνδR˜νµdΩ in A can be rewritten in the form∫
Ω
√−ggµνδR˜νµdΩ = −
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ = −
∫
Ω
√−g
(
R˜νµ − 1
2
gνµR˜
)
δgµνdΩ. (5.7)
By introducing two parameters ξ and ς , Eq.(5.6) and (5.7) can be rewritten as∫
Ω
√−ggµνδR˜µνdΩ = −(1− ξ)
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ− ξ
∫
Ω
√−g
(
R˜νµ − 1
2
gνµR˜
)
δgµνdΩ (5.8)
and ∫
Ω
√−ggµνδR˜νµdΩ = −(1− ς)
∫
Ω
√−g
(
R˜νµ − 1
2
gνµR˜
)
δgµνdΩ− ς
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ. (5.9)
6Someone may argue that because of the symmetric property of the Christoffel symbol Γλ µν in the indices µ, ν, it is apparent to
see that the integrand
√−ggµνǫ λστµ δRλστν is strictly identical to zero, and it may drop out of the variation δI ′ immediately.
For the dual formalism, however, this viewpoint is not appropriate for determining the dual Einstein tensor. To derive
the dual Einstein tensor in a stringent way, if
∫
Ω
√−ggµνǫ λστµ δRλστνdΩ can be truly ignored, we should first show that√−ggµνǫ λστµ δRλστν can be rewritten as a covariant divergence of a certain vector indeed.
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Hence, by using Eq.(5.8) and (5.9), one can express the second term on the right-handed side of Eq.(5.2) (i.e.,
A =
∫
Ω
√−ggµν
[
(1− ζ)δR˜µν + ζδR˜νµ
]
dΩ) as
∫
Ω
√−ggµν
[
(1 − ζ)δR˜µν + ζδR˜νµ
]
dΩ = [−(1− ζ)(1 − ξ)− ζς ]
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ
+ [−(1− ζ)ξ − ζ(1− ς)]
∫
Ω
√−g
(
R˜νµ − 1
2
gνµR˜
)
δgµνdΩ. (5.10)
Namely, we have
A = −
∫
Ω
√−g
(
R˜µν − 1
2
gµνR˜
)
δgµνdΩ + [ζ + ξ − ζ(ξ + ς)]
∫
Ω
√−g
(
R˜µν − R˜νµ
)
δgµνdΩ. (5.11)
It follows from Eq.(5.2), (5.3) and (5.11) that the variation of I ′ is finally given
δI ′ = [ξ − ζ(ξ + ς)]
∫
Ω
√−g
(
R˜µν − R˜νµ
)
δgµνdΩ. (5.12)
If we set I = 1
ξ−ζ(ξ+ς)I
′, the expression for the variation of I reads
δI =
∫
Ω
√−gG˜µνδgµνdΩ with G˜µν = R˜µν − R˜νµ, (5.13)
where G˜µν may be referred to as the dual Einstein tensor, which is the resulting one for the given dual action I.
In what follows we will simplify the form of the dual Ricci tensor R˜µν = 12ǫ λστµ Rλστν , which yields
R˜µν = 1
4
ǫ λστµ
∂
∂xτ
(
∂gνλ
∂xσ
− ∂gσν
∂xλ
)
. (5.14)
Here any symmetric parts in Rλστν have simply dropped out of R˜µν because ǫ λστµ is completely antisymmetric in
λ, σ, τ . It is physically interesting that the (µ0) component of the dual Ricci tensor is R˜µ0 = 14ǫ λστµ ∂∂xτ
(
∂g0λ
∂xσ
− ∂gσ0
∂xλ
)
,
which is somewhat analogous to its electromagnetic counterpart ∂
∂xτ
F˜ τ µ =
1
2ǫ
τ
µ
λσ ∂
∂xτ
(∂λAσ − ∂σAλ). This, there-
fore, means that G˜µν may truly serve as a dual Einstein tensor and would appear on the left-handed side of the
gravitational field equation of gravitomagnetic charge. Clearly, the formalism for the dual Einstein tensor which we
have developed here is rigorous. It may contribute to a better understanding of the dynamics of gravitomagnetic
matter.
B. Antisymmetrical source tensor
The preceding subsection shows that the dual Einstein tensor G˜µν is a second-rank antisymmetric one. So, the
source tensor of gravitomagnetic matter, which appears on the right-handed side of the gravitational field equation of
gravitomagnetic charge, should also be an antisymmetric one [1,2]. Such antisymmetric tensors which are constructed
in terms of the four-dimensional velocity vector Uν and its covariant derivatives with respect to the spacetime coor-
dinates may be only the following two forms
Kµν = DµUν −DνUµ ≡ ∂µUν − ∂νUµ, Hµν = 1
2
ǫ αβµν Kαβ . (5.15)
So, the second-rank antisymmetric source tensor of gravitomagnetic matter can take the following form (i.e., the
linear combination of Kµν and Hµν)
Sµν = κ1Kµν + κ2Hµν , (5.16)
where κ1 and κ2 denote the two combination coefficients.
For the Fermionic field ψ, its four-vector velocity (or current density) is Uµ = e
a
µ iψ¯γaψ, where e
a
µ denotes the
vierbein field with µ, a = 0, 1, 2, 3 and γa’s stand for the Dirac matrices in the flat spacetime. The second-rank
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antisymmetric source tensor of the gravitomagnetic Fermionic field ψ can be constructed according to the above-
mentioned definition7. The four-dimensional velocity (or momentum) of the Bosonic field is Uµ =
1
2i (ϕ
∗∂µϕ− ϕ∂µϕ∗),
and the antisymmetric tensor Kµν is therefore Kµν = 1i (∂µϕ∗∂νϕ− ∂νϕ∗∂µϕ), which can be used to express the
antisymmetric source tensor Sµν of the gravitomagnetic Bosonic field.
It should be noted that the source tensor of gravitomagnetic matter can also be expressed in terms of the dual
current density (velocity) and the dual vierbein field e˜ aµ , which will be discussed in Sec. VI.
C. Gravitational field equation of gravitomagnetic matter
In accordance with the above discussion, we discover the gravitational field equation of gravitomagnetic matter as
follows (covariant form)
G˜µν = Sµν . (5.17)
Note that Einstein’ field equation is of symmetry in indices. In contrast, here the gravitational field equation is an
antisymmetric one [1,2].
So far we have obtained the gravitational field equation of gravitomagnetic charge of its own. Now let us discuss the
equation of motion of a gravitomagnetic monopole as a test particle (or a particle system consisting of gravitomagnetic
monopoles). According to the gravitational field equation (contravariant form)
G˜µν = Sµν , (5.18)
we set a second-rank antisymmetric tensor Zµν = Sµν − G˜µν , the covariant divergence of which is expressed by
Zµν;ν =
1√−g
∂
∂xν
(√−gZµν) = 0, (5.19)
which means that Zµν = 1√−gCµν with Cµν being a certain constant tensor, or a tensor whose divergence vanishes.
Because of Eq.(5.18), Cµν = 0, i.e., Zµν = 0. Note that even though the equation Zµν = 0 can be derived
straightforwardly from Eq.(5.18), here we would not think of it as the result of Eq.(5.18). On the contrary, we prefer
to consider it as the result of the covariant divergence of the field equation Eq.(5.18). This, therefore, implies that
the equation Zµν = 0 is inevitably in connection with the kinematic equation of a system of particles consisting of
gravitomagnetic charges. The following calculation will confirm this interpretation: SµνUν in ZµνUν is expressed by
SµνUν = κ1Uν (D
µUν −DνUµ) + 1
2
κ2ǫ
µναβUν (∂αUβ − ∂βUα)
= −κ1DU
µ
ds
+
1
2
κ2ǫ
µναβUν
[
∂α
(
gβλU
λ
)− ∂β (gαλUλ)]
= −κ1DU
µ
ds
+
1
2
κ2ǫ
µναβUν (∂αgβλ − ∂βgαλ)Uλ + 1
2
κ2ǫ
µναβUν (gβλ∂α − gαλ∂β)Uλ. (5.20)
It is noted that the second term 12κ2ǫ
µναβUν (∂αgβλ − ∂βgαλ)Uλ on the right-handed side of (5.20) contains an
expression ∼ 12κ2ǫµναβ (∂αgβ0 − ∂βgα0)Uν , which is just a gravitational (gravitomagnetic) Lorentz force, the elec-
tromagnetic counterpart of which is gǫµναβ (∂αAβ − ∂βAα)Uν with g representing the magnetic charge. The fact
that ∼ 12κ2ǫµναβ (∂αgβ0 − ∂βgα0)Uν resembles the expression for the Lorentz force in electrodynamics means that
the equation Zµν = 0 contains the dynamical equation of motion of a particle system composed of gravitomagnetic
charges.
The antisymmetric field equation (5.18) of gravitomagnetic matter governs the gravitational field near the gravit-
omagnetic monopoles. It does not introduce new extra gravitational potentials. The role of this equation presented
here is to determine the nonanalytic parts of the metric which is caused by the existence of the gravitomagnetic
monopoles. If the gravitomagnetic charge does not exist in the universe, the vacuum case of Eq.(5.18) is just the
Bianchi identity of Einstein’s field equation.
7The tensor Kµν of Fermionic field is given as i
[(
∂µψ¯
)
γνψ −
(
∂νψ¯
)
γµψ
]
+ iψ¯ (γν∂µ − γµ∂ν)ψ + iψ¯ (∂µγν − ∂νγµ)ψ. In the
papers [1,2], the third term, iψ¯ (∂µγν − ∂νγµ)ψ, was unfortunately neglected.
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D. About NUT metric
The NUT metric is the one produced by the stationary gravitomagnetic monopole at the origin of the coordinate
system. Here we will discuss the relation between the NUT parameter ι and the gravitomagnetic charge. The
contravariant-form field equation (5.18) of dual matter can be rewritten as
R˜µν = 1√−gΥ
µν , Sµν =
1√−g (Υ
µν −Υνµ) . (5.21)
For a single gravitomagnetic monopole, the strength of which is ι′, one may assume that Υ0 0 = ι
′δ(x). The four-
dimensional volume integral of the term on the right-handed side of the field equation R˜0 0 = 1√−gΥ0 0 is∫
Ω
√−g
(
1√−gΥ
0
0
)
dΩ = ι′. (5.22)
In what follows, we will consider the equation R˜0 0 = 1√−g ι′δ(x), where R˜0 0 = 14ǫ0λστ∂τ (∂σg0λ − ∂λgσ0) and ǫ0λστ =
1√−g ε
0λστ . Here ε0λστ is the Levi-Civita tensor in the flat Minkowski spacetime. It is readily verified that this equation
can be rewritten as
∇ ·Bg = 4ι′′δ(x), (5.23)
where ι′′ = ι′δ(x0), δ(x) = δ(x0)δ(x). Here the gravitomagnetic field strength is defined as Bg = ∇ × g with the
gravitomagnetic vector potentials being g = (g01, g02, g03).
It is well known that the gravitomagnetic vector potentials of NUT metric (without mass) can be expressed as
g =
(
0, 0,−2f2(r) ι(1 − cos θ)
r sin θ
)
(5.24)
in the spherical polar coordinate system, namely, g0ϕ = −2f2(r) ι(1−cos θ)r sin θ , where the function f2(r) is f2(r) =
1− 2
(
mr+ι2
r2+ι2
)
. Thus it is easy to obtain
∇× g = −2ιf
2(r)
r2
eρ +
2
r
∂f2(r)
∂r
ι(1 − cos θ)
r sin θ
eθ. (5.25)
It should be noted that the divergence ∇ · (∇× g) no longer vanishes at some spatial points (singularities) since here
the gravitomagnetic vector potential is nonanalytic, which results from the presence of the gravitomagnetic monopoles.
Hence the three-dimensional volume integral of ∇ · (∇× g) is∫
V
∇ · (∇× g) dV =
∫∫
©
S
(∇× g) · dS = −8πι. (5.26)
It follows from Eq.(5.23) and (5.26) that the relation between ι′′ and the NUT parameter ι is given
ι′′ = −2πι. (5.27)
It should be emphasized that the Schwarzschild solution also satisfies the field equation (5.18) without source term,
i.e., G˜µν = 0. Someone may thus argue that the Schwarzschild solution is just the empty-space generalization of the
solutions of Eq.(5.18). This situation is similar to the case of the NUT solution gµν(m = 0, ι 6= 0), which was also
thought of as the empty-space generalization of the solutions of Einstein’s equation [4].
How can we look upon the two solutions gµν(m = 0, ι 6= 0) and gµν(m 6= 0, ι = 0) in the NUT spacetime? It is
believed that the vacuum equation (G˜µν = 0) of dual matter may be viewed as the Bianchi identity of Einstein’s field
equation, and Einstein’s vacuum equation is in turn the Bianchi identity of the field equation (5.18) of gravitomagnetic
matter. For this reason, even though the solution gµν(m 6= 0, ι = 0) is truly the one to Einstein’s field equation, it can
also agree with the equation G˜µν = 0 (Bianchi identity). So, it may be argued that the solution gµν(m 6= 0, ι = 0) is
the empty-space generalization of the solution of vacuum equation G˜µν = 0. Likewise, the reason for Newman et al.
to think of gµν(m = 0, ι 6= 0) as the solution of Einstein’s vacuum equation [4] lies in that Einstein’s vacuum equation
is just the Bianchi identity of Eq.(5.18) of gravitomagnetic matter. In fact, gµν(m = 0, ι 6= 0) is only the one of the
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solutions of Eq.(5.18), and furthermore, all the solutions satisfying Eq.(5.18) will also agree with Einstein’s vacuum
equation (Bianchi identity). In this sense, the gravitomagnetic charge is truly required of its own gravitational field
equation for us to treat its dynamical problems.
In addition, we consider briefly the stationary cylindrically symmetric exact solution of field equation (5.23). Sup-
pose that the form of linear element describing the stationary cylindrically symmetric gravitomagnetic field is given
by
ds2 = (dx0)2 − dx2 − dy2 − dz2 + 2g0x(y)dx0dx+ 2g0y(x)dx0dy, (5.28)
where we assume that the gravitomagnetic potentials g0x and g0y are the functions with respect to y and x, respec-
tively. For the cylindrically symmetric uniform gravitomagnetic field produced by the gravitomagnetic charges (with
a nonvanishing surface density of σM ) present only in the x-y plane of z = 0, the gravitomagnetic field, Bg, which is
defined as ∇× g, may be written
(Bg)z =
σM
2
. (5.29)
It follows from Eq.(5.29) that the direction of Bg is parallel to the z-axis. The metric components of the uniform
gravitomagnetic field, g0x, g0y, are therefore readily obtained as follows
g0x =
Bg
2
y, g0y = −Bg
2
x, (5.30)
with Bg =
σM
2 .
In order to obtain the contravariant metric gµν , we calculate the inverse matrix of the metric (gµν), and the result
is given as follows
(gµν) =
1
1 + g20x + g
2
0y


1 g0x g0y 0
g0x −(1 + g20y) g0xg0y 0
g0y g0xg0y −(1 + g20x) 0
0 0 0 −(1 + g20x + g20y)

 . (5.31)
E. Dual spin connection
Here we will consider the covariant derivative of Dirac field composed of gravitomagnetic charge in the local frame.
Assume that an observer moves with proper three-acceleration a and proper three-rotation ~ω inside an inertial frame
of reference. Note that here the quantities and symbols just refer to those in the reference [16]. It is believed that the
covariant derivative of gravitomagnetic-charge Dirac field is given as follows
Dαˆ = ∂αˆ − i
16
σβˆγˆε λˆτˆ
βˆγˆ
Γλˆτˆ αˆ. (5.32)
Now we discuss the dual spin connection − i16σβˆγˆε λˆτˆβˆγˆ Γλˆτˆ αˆ. By using the following relations [16]
Γiˆjˆ0ˆ = −
εijkω
k
c
1 + a·x
c2
, Γ0ˆlˆ0ˆ = −Γlˆ0ˆ0ˆ = −
ai
c2
1 + a·x
c2
, Γµˆνˆ0ˆ = Γ0ˆ0ˆ0ˆ = 0,
1
2
σij = −S
h¯
, iσ0l = ~α, (5.33)
one can verify that
− i
16
(
σbcε
ij
bc Γij0 + 2σ
bcε 0lbc Γ0l0
)
=
1
1 + a·x
c2
(
i
16
σbcε
ij
bc εijk
ωk
c
+
i
8
σbcε 0lbc
al
c2
)
=
1
1 + a·x
c2
(
1
4c
~ω · ~α− i
2h¯c2
a · S
)
, (5.34)
where the Latin indices run over 1, 2, 3. Here ~α and S denote the velocity operator and spin operator of Dirac field,
respectively.
It is well known that a Dirac particle in a noninertial frame of reference will undergo the spin-rotation coupling
(~ω ·S) [17,18] and velocity-acceleration coupling (a·~α) [16]. However, it follows from (5.34) that for a gravitomagnetic-
charge Dirac field, it experiences velocity-rotation coupling (~ω · ~α) and spin-acceleration coupling (a · S), which are
just the dual interactions of the above two couplings.
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VI. DUAL METRIC AND DUAL CURRENT DENSITIES
A. Dual vierbein field and dual metric
It can be shown that in the weak gravitational field, Dirac matrices γµ’s is rewritten as γ0 =
(
1 + φ
c2
)
β, γi =
g0iβ + γiM (i = 1, 2, 3) [1]. Here β and γ
i
M are the Dirac matrices in the flat Minkowski spacetime. φ and g
0i can be
viewed as the gravitational scalar potential and gravitomagnetic vector potentials. By using γµ = eµaγa (a denotes
the indices of coordinate in Minkowski spacetime), one can obtain the relationship between the vierbein field eµa and
the gravitational potential and gravitomagnetic vector potentials: e00 ≃ 1 + φ
c2
and eµ0 ≃ gµ0 (µ = 1, 2, 3). Here the
dual vierbein field e˜µa is so defined that e˜µa and e˜νa satisfy the following relation
∂µe˜νa − ∂ν e˜µa = 1
2
ǫ αβµν (∂αeβa − ∂βeαa) . (6.1)
Moreover, the dual Dirac matrices can be defined as γ˜µ = e˜µaγ
a. Multiplying the two sides of the above equation by
γa, one can arrive at
∂µγ˜ν − ∂ν γ˜µ = 1
2
ǫ αβµν (∂αγβ − ∂βγα) , (6.2)
which is the relation between the dual Dirac matrices γ˜µ and the regular Dirac matrices γα.
The connection between the metric gµν and the flat metric ηab is gµν = e
a
µ e
b
ν ηab. Correspondingly, the relation
between the dual metric g˜µν and the flat metric ηab may be g˜µν = e˜
a
µ e˜
b
ν ηab. It should be noted that even though we
introduce the dual metric g˜µν , in general, indices of tensors are raised and lowered still with the metric tensor gµν
rather than with the dual metric g˜µν .
In this subsection, we will discuss the dual covariant derivatives, ∇˜µψ, of Fermionic field ψ [19]. The dual spin
connection of ∇˜µψ =
(
∂µ + iB˜µ
)
ψ is defined by
B˜µ =
1
16
eβce
β
a;µε
ca
bdσ
bd, (6.3)
where σbd = i2
[
γb, γd
]
. It is essentially significant to construct the Lagrangian density of Fermionic-field gravitomag-
netic charge, which may be given
LF =
√−g
{
i
2
e˜µa
[
ψ¯γa∇˜µψ −
(
∇˜µψ¯
)
γaψ
]
− m˜ψ¯ψ
}
, (6.4)
where m˜ denotes the dual mass of gravitomagnetic monopole, and ∇˜µψ¯ =
(
∂µ − iB˜µ
)
ψ¯. The corresponding classical
field equations of ψ and ψ¯ are as follows
i
2
e˜µaγa∇˜µψ + i
2
1√−g∂µ
(√−ge˜µaγaψ)− m˜ψ = 0,
− i
2
1√−g∂µ
(√−gψ¯e˜µaγa)− i
2
(
∇˜µψ¯
)
e˜µaγa − m˜ψ¯ = 0. (6.5)
It follows from Eqs.(6.5) that the conservation law of the dual current density is
1√−g∂µ
(√−giψ¯e˜µaγaψ) = 0, (6.6)
where the dual current density of dual mass is
j˜µ = iψ¯e˜µaγaψ = e˜
µaja, (6.7)
which will be considered further in the following.
In addition, the Lagrangian density of the Bosonic-field gravitomagnetic matter may be of the form
LB =
√−g [e˜µa (∂µϕ∗∂aϕ+ ∂aϕ∗∂µϕ)− m˜2ϕ∗ϕ] . (6.8)
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The corresponding classical field equations are
1√−g∂µ
(√−ge˜µa∂aϕ)+ m˜2ϕ = 0,
1√−g∂µ
(√−ge˜µa∂aϕ∗)+ m˜2ϕ∗ = 0. (6.9)
It follows that the conservation law of the dual current density takes the form
1√−g∂µ
[√−ge˜µa (ϕ∗∂aϕ− ϕ∂aϕ∗)] = 0. (6.10)
Thus the dual current density of Bosonic-field gravitomagnetic matter can be written as
j˜µ =
1
2i
e˜µa (ϕ∗∂aϕ− ϕ∂aϕ∗) = e˜µaja. (6.11)
Note that here the index a refers to the one in the flat Minkowski spacetime.
It is shown that in the above classical field equations of Fermionic and Bosonic field, gravitomagnetic monopole
possesses the dual mass rather than the mass, namely, the concept of the mass is of no significance for the gravito-
magnetic matter. Dual mass has its own gravitational nature and features different much from that of the mass. In
this sense, matter may be classified into two categories, i.e., the regular matter and dual matter. The former has
mass while the latter has dual mass.
B. Dual current densities
In accordance with the expression (6.7), the dual velocity (or current density) of dual mass can be defined as
U˜µ = e˜
a
µ Ua. To compare ∂µU˜ν − ∂νU˜µ with ∂µUν − ∂νUµ is physically interesting, which is valuable for us to define
a new kind of the dual vierbein field. The calculation of ∂µU˜ν − ∂ν U˜µ and ∂µUν − ∂νUµ yields
∂µU˜ν − ∂ν U˜µ = [∂µe˜νa − ∂ν e˜µa − (e˜µa∂ν − e˜νa∂µ)]Ua,
∂µUν − ∂νUµ = [∂µeνa − ∂νeµa − (eµa∂ν − eνa∂µ)]Ua. (6.12)
Here we will adopt an alternative definition of the dual vierbein field e˜µa, i.e.,
∂µe˜νa − ∂ν e˜µa − (e˜µa∂ν − e˜νa∂µ) = 1
2
ǫ αβµν [∂αeβa − ∂βeαa − (eαa∂β − eβa∂α)] , (6.13)
which is different from (6.1). Consequently, this definition will lead to the following duality relation
∂µeνa − ∂νeµa − (eµa∂ν − eνa∂µ) = −1
2
ǫ αβµν [∂αe˜βa − ∂β e˜αa − (e˜αa∂β − e˜βa∂α)] . (6.14)
Thus, it follows from Eq.(6.13) and (6.14) that Eq.(6.12) can be rewritten as ∂µU˜ν − ∂νU˜µ = 12ǫ αβµν (∂αUβ − ∂βUα)
and ∂µUν − ∂νUµ = − 12ǫ αβµν
(
∂αU˜β − ∂βU˜α
)
. So, the source tensors Kµν and Hµν defined in Sec. V can also be
expressed in terms of the dual vierbein field (or dual current density), i.e., there is a duality relation between Kµν ,
Hµν and H˜µν , K˜µν :
Kµν ≡ ∂µUν − ∂νUµ = −1
2
ǫ αβµν
(
∂αU˜β − ∂βU˜α
)
≡ −H˜µν ,
Hµν ≡ 1
2
ǫ αβµν (∂αUβ − ∂βUα) = ∂µU˜ν − ∂νU˜µ ≡ K˜µν . (6.15)
The above discussion shows that if the vierbein field e˜µa is defined via Eq.(6.13), then there is no difference between
the source tensor Sµν and the dual source tensor S˜µν . Here the dual source tensor S˜µν is the linear combination of
K˜µν and H˜µν . In a word, both the current density and the dual current density can be used to define the source
tensor of gravitomagnetic matter in the gravitational field equation.
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VII. THE FIVE-DIMENSIONAL CASE
In order to find the potential connection between the gravitomagnetic charge and the magnetic charge, we will
investigate the five-dimensional dynamics of gravitomagnetic matter. In the five-dimensional case, the dual Ricci
tensor is
˜ˆRAB = 1
4
ǫ CDEA
∂
∂xE
(
∂gˆBC
∂xD
− ∂gˆDB
∂xC
)
, (7.1)
where A,B,C,D,E run over 0 − 4, instead of 0 − 3. In what follows Greek indices run over 0 − 3. By using the
cylinder condition (i.e., the derivative of the metric with respect to x4 is vanishing), we can obtain
˜ˆRµν = 1
4
ǫ λστµ ∂τ (∂σgνλ − ∂λgσν) +
1
2
ǫ 4στµ ∂τ∂σ gˆν4,
˜ˆRµ4 = 1
4
ǫ λστµ ∂τ (∂σ gˆ4λ − ∂λgˆσ4) +
1
2
ǫ 4στµ ∂τ∂σ gˆ44. (7.2)
By using the Kaluza mechanism, the five-dimensional metric gˆAB is adopted as follows [20]
(gˆAB) =
(
gαβ + κ
2φ2AαAβ κφ
2Aα
κφ2Aβ φ
2
)
, (7.3)
where φ and Aα denote a certain (constant) scalar field and the electromagnetic field, respectively. Thus Eqs.(7.2)
can be rewritten as
˜ˆRµν = R˜µν + κφ
2
2
ǫ 4στµ ∂τ∂σAν ,
˜ˆRµ4 = κφ
2
4
ǫ λστµ ∂τFσλ. (7.4)
So according to the field equation (5.21), i.e.,
˜ˆRµ4 = 1√−g Υˆµ4, the second equation in Eqs.(7.4) can be rewritten as
κφ2
4
ǫ λστµ ∂τFσλ =
1√−g Υˆµ4, (7.5)
which is actually the electromagnetic field equation of magnetic charge. This, therefore, means that the (µ4) com-
ponent of the five-dimensional gravitational field equation of gravitomagnetic matter can be reduced to the electro-
magnetic field equation of magnetic monopole via the Kaluza mechanism. Thus the five-dimensional dynamics of
gravitomagnetic monopole provides us with a potentially unified way to treat the magnetic monopole and gravito-
magnetic monopole.
VIII. DUAL THEORY
In electrodynamics, it is shown that the dynamics of magnetic charge is just the dual theory to that of electric charge
(for a concise formalism, see Appendix 6 to this paper). This phenomenon arises also in gravity theory. Now we are
therefore led to consider in detail the duality relationship between the dynamical theories of gravitomagnetic charge
(dual mass) and gravitoelectric charge (mass). First we define a second-rank antisymmetric gravitational potential
tensor hµν as an alternative to the description of the gravitational field. Such antisymmetric gravitational potential
tensor hµν may be so defined that the following expression
ǫµτων = σ(x) (hµωhτν + hτµhων + hνµhτω) (8.1)
is satisfied, where σ(x) is a scalar function to be determined.
Define a functional of hλσ, say, Nτωνµ
(
hλσ
)
, which is assumed to contain the derivatives of hλσ up to second order
(i.e., it contains ∂θh
λσ, ∂θηh
λσ)8. Based on this, we assume that the gravitational Lagrangian density is chosen to be
8It is assumed that the field equations associated with the gravitational field is often of second differential order.
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L = −1
2
√−gǫµτωνNτωνµ
(
hλσ
)
. (8.2)
By using the Euler-Lagrange equation, if the following equation is satisfied
∂L
∂hλσ
−
[
∂L
∂hλσ,θ
]
,θ
+
[
∂L
∂hλσ,θη
]
,θη
=
√−ggων (Nλωνσ −Nσωνλ) , (8.3)
then it is believed that the functional Nτωνµ
(
hλσ
)
is related closely to the dual Riemann tensor R˜τωνµ, namely,
keeping in mind Eq.(8.2), we can set
R˜τωνµ = Nτωνµ
(
hλσ
)
, (8.4)
which results from the expression (4.2), 12ǫ
µτωνR˜τωνµ = −R, in Sec. IV.
The roles of Eq.(8.1), (8.3) and (8.4) is as follows: Eq.(8.1) can be used to determine the scalar function σ(x);
Eq.(8.3) is applied to the determination of the form of the functional Nτωνµ
(
hλσ
)
; Eq.(8.4) can be employed to find
the relationship between the antisymmetric gravitational potential tensor hλσ and the symmetric metric tensor gλσ.
Because of the identity, 12ǫ
θτωνR˜µ των = − 12
(
Gθµ +G′θµ
)
, suggested in Sec. III, the substitution of Eq.(8.4) into
this identity leads to 12
(
Gθµ +G′θµ
)
= − 12ǫθτωνNµτων
(
hλσ
)
. Thus Einstein’s field equation is of the following form
(rewritten in terms of the antisymmetric gravitational potential tensor hλσ rather than of the symmetric metric tensor
gλσ)
−1
2
ǫθτωνNµτων
(
hλσ
)
= −κT θµ (8.5)
with T θµ being the energy-momentum tensor of matter. In this sense, we have found the duality relationship be-
tween the theories of mass and dual mass, and therefore developed a dual formalism (in terms of the antisymmetric
gravitational potential tensor hλσ) which can express Einstein’s equation within its framework.
IX. CONCLUDING REMARKS
Not all of the nonanalytic solutions of Einstein’s vacuum equation belong to the contribution of gravitomagnetic
charge. In an attempt to investigate the gravitational field caused by gravitomagnetic charge currents, we meet,
however, with difficulties in selecting the “true” metric produced by gravitomagnetic charge from the solutions of the
Bianchi identity (i.e., Einstein’s vacuum equation). For this reason, one should have a dynamics of gravitomagnetic
charge. To achieve this aim, this paper gives a concise presentation of the mathematical formalism of the field equation
of gravitomagnetic matter. We derive the antisymmetric dual Einstein tensor from the variational principle with the
dual curvature scalar, and construct an antisymmetric source tensor, which appears on the right-handed side of
the gravitational field equation of gravitomagnetic matter. It may be believed that, as Lynden-Bell and Nouri-Zonoz
stated [8], the above-developed gravitational field equation might introduce a greater degree of physical understanding
of NUT space (and Taub-NUT space).
It is shown in this paper that the dual physical quantities such as the dual vierbein field (and hence dual metric),
dual spin connection and dual current density (and hence dual source tensor) constitute the dynamical framework
of gravitomagnetic matter. It is also demonstrated that the topological dual charge needs its own gravitational
field equation. To clarify the relationship between the field equation of gravitomagnetic matter and Einstein’s field
equation is of physical essence. Einstein’s field equation cannot govern independently the spacetime produced by
gravitomagnetic matter. Instead, it can govern independently the gravitational field of regular matter only. The
vacuum equation of dual matter (i.e., without dual sources) is just the Bianchi identity of Einstein’s equation, and
similarly, Einstein’s vacuum equation is just the Bianchi identity of the gravitational field equation of gravitomagnetic
matter. The NUT solution is the one to both Einstein’s equation and Eq.(5.18).
It follows from the point of view of the classical field equation that matter may be classified into two categories,
i.e., the gravitoelectric and gravitomagnetic matter. It is clear that the concept of mass is of no significance for the
gravitomagnetic matter. In this sense, we can say that the gravitomagnetic matter possesses the topological dual
mass [1,2].
Lynden-Bell and Nouri-Zonoz considered briefly the problem as to how general relativity must be modified if the
gravitomagnetic monopole truly exists in the universe [8]. They thought that the space where the gravitomagnetic
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monopole is present may possess the unsymmetrical affine connections [8]. Namely, their consideration means that
the extra gravitational potentials should be introduced to allow for the gravitomagnetic charge. Indeed, the topolog-
ical dual mass will introduce some additional new things in gravity theory, e.g., it will give rise to the topological
singularities in spacetime, which is described by the nonanalytic metric functions. But there is no essential reason for
cluing us on introducing the extra gravitational potentials. To deal with the dynamics of gravitomagnetic charge, the
only thing we should do first is to introduce a new field equation (e.g., (5.17) and (5.18)), the vacuum case (without
the sources) of which is just the Bianchi identity of Einstein’s equation.
Gravitomagnetic charge has some interesting relativistic quantum gravitational effects, e.g., the gravitational anti-
Meissner effect, which may serve as an interpretation of the smallness of the observed cosmological constant. In
accordance with quantum field theory, vacuum possesses infinite zero-point energy density due to the vacuum quantum
fluctuations; whereas according to Einstein’s theory of General Relativity, infinite vacuum energy density yields
the divergent curvature of space-time, namely, the space-time of vacuum is extremely curved. Apparently it is in
contradiction with the practical fact [21]. In the context of quantum field theory a cosmological constant corresponds
to the energy density associated with the vacuum and then the divergent cosmological constant may result from the
infinite energy density of vacuum quantum fluctuations. However, a diverse set of observations suggests that the
universe possesses a nonzero but very small cosmological constant [21–24]. How can we give a natural interpretation
for the above paradox? Here, provided that vacuum matter is perfect fluid, which leads to the formal similarities
between the weak-gravity equation in perfect fluid and the London’s electrodynamics of superconductivity, we suggest
a potential explanation by using the cancelling mechanism via gravitational anti-Meissner effect: the gravitoelectric
field (Newtonian field of gravity) produced by the gravitoelectric charge (mass) of the vacuum quantum fluctuations
is exactly cancelled by the gravitoelectric field due to the induced current of the gravitomagnetic charge of the
vacuum quantum fluctuations; the gravitomagnetic field produced by the gravitomagnetic charge (dual mass) of
the vacuum quantum fluctuations is exactly cancelled by the gravitomagnetic field due to the induced current of
the gravitoelectric charge (mass current) of the vacuum quantum fluctuations. Thus, at least in the framework of
weak-field approximation, the extreme space-time curvature of vacuum caused by the large amount of the vacuum
energy does not arise, and the gravitational effects of cosmological constant is eliminated by the contributions of the
gravitomagnetic charge (dual mass). If gravitational anti-Meissner effect is of really physical significance, then it is
necessary to apply this effect to the early universe where quantum and inflationary cosmologies dominate the evolution
of the universe. Study of the geometric property in quantum regimes is an interesting and valuable direction.
We think that there might exist the formation/creation mechanism of gravitomagnetic charge in the gravitational
interaction, just as some prevalent theories provide the theoretical mechanism of the existence of magnetic monopole
in various gauge interactions [25]. But so far it has to yield any definite theories of how the gravitomagnetic matter
forms (we think that it may arise from the interactions associated with the Chern-Simons gauge field). The mag-
netic monopole in the grand unified theory plays an important role in the early universe. The same may be said
of gravitomagnetic monopole. If the gravitomagnetic monopoles truly exist in the universe, it will inevitably give
rise to significant consequences and may also play an essential role in astrophysics and cosmology. In this paper we
investigated the possibility of constructing a field equation that governs the gravitational field in the vicinity of this
topological dual matter. We may conclude that both the dynamics of gravitomagnetic matter and other related topics
associated with, for example, the creation mechanism of gravitomagnetic charge deserve further consideration.
Acknowledgements This work was supported in part by the National Natural Science Foundation of China under
Project No. 90101024.
APPENDICES
Appendix 1. On the Levi-Civita tensor
The Levi-Civita tensor εµναβ in the flat Minkowski spacetime is so defined that it changes sign when any pair of
indices are interchanged and ε0123 = +1, ε
0123 = −1. The Levi-Civita tensor ǫ0123 and ǫ0123 in the curved spacetime
are defined to be ǫ0123 =
√−gε0123 and ǫ0123 = 1√−g ε0123, respectively, where g is the determinant of the matrix gµν .
One of the most important properties of the Levi-Civita tensor is that its covariant derivative is vanishing, which
may be proved as follows:
The covariant derivative of ǫµνθτ is given
ǫµνθτ ;σ =
∂
∂xσ
ǫµνθτ − Γλ µσǫλνθτ − Γλ νσǫµλθτ − Γλ θσǫµνλτ − Γλ τσǫµνθλ. (A1)
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As an illustrative example, we will calculate ǫ0123;σ only. Here ǫ0123 =
√−gε0123 = √−g. It is easily obtained that
∂
∂xσ
ǫ0123 =
1
2
√−ggαβ ∂
∂xσ
gαβ . If µ, ν, θ, τ = 0, 1, 2, 3, respectively, then by using the antisymmetric property of ǫµνθτ ,
one can arrive at
Γλ µσǫλνθτ → Γλ 0σǫλ123 =
√−gΓ0 0σ, Γλ νσǫµλθτ → Γλ 1σǫ0λ23 =
√−gΓ1 1σ,
Γλ θσǫµνλτ → Γλ 2σǫ01λ3 =
√−gΓ2 2σ, Γλ τσǫµνθλ → Γλ 3σǫ012λ =
√−gΓ3 3σ. (A2)
So, it follows from (A1) and (A2) that the covariant derivative of the Levi-Civita tensor ǫ0123 is
ǫ0123;σ =
1
2
√−ggαβ ∂
∂xσ
gαβ −
√−gΓλ λσ ≡ 0. (A3)
An alternative derivation of the above result is given as follows:
The transformation relation between the Levi-Civita tensors in the noninertial and local inertial frames of reference
satisfies ǫµνθτ =
∂ξa
∂xµ
∂ξb
∂xν
∂ξac
∂xθ
∂ξa
∂xτ
εabcd. So, the derivative of ǫµνθτ reads
∂ǫµνθτ
∂xσ
=
∂2ξa
∂xσ∂xµ
∂ξb
∂xν
∂ξc
∂xθ
∂ξd
∂xτ
εabcd +
∂ξa
∂xµ
∂2ξb
∂xσ∂xν
∂ξc
∂xθ
∂ξd
∂xτ
εabcd
+
∂ξa
∂xµ
∂ξb
∂xν
∂2ξc
∂xσ∂xθ
∂ξd
∂xτ
εabcd +
∂ξa
∂xµ
∂ξb
∂xν
∂ξc
∂xθ
∂2ξd
∂xσ∂xτ
εabcd. (A4)
The insertion of ∂
2ξa
∂xσ∂xµ
= Γλ σµ
∂ξa
∂xλ
, ∂
2ξb
∂xσ∂xν
= Γλ σν
∂ξb
∂xλ
, ∂
2ξc
∂xσ∂xθ
= Γλ σθ
∂ξc
∂xλ
and ∂
2ξd
∂xσ∂xτ
= Γλ στ
∂ξd
∂xλ
into (A4) yields
∂ǫµνθτ
∂xσ
= Γλ σµǫλνθτ + Γ
λ
σνǫµλθτ + Γ
λ
σθǫµνλτ + Γ
λ
στ ǫµνθλ. (A5)
It follows from Eq.(A1) and (A5) that ǫµνθτ ;σ = 0. Thus we have proven that the covariant derivative of the
Levi-Civita tensor truly vanishes.
In the four-dimensional spacetime, the following four identities (which are the inner products of two Levi-Civita
tensors) are useful for investigating the dynamics of gravitomagnetic matter:
ǫµναβǫ
µναβ = −4!,
ǫµναβǫ
λναβ = −3!gλµ,
ǫµναβǫ
λσαβ = −2! (gλµgσν − gσµgλν ) ,
ǫµναβǫ
λστβ = − (gλµgσν gτα + gτµgλν gσα + gσµgτνgλα − gσµgλν gτα − gτµgσν gλα − gλµgτνgσα) . (A6)
Appendix 2. Proving the first identity of Eq.(3.4)
According to the fourth identity of Eq.(A6), one can arrive at
ǫθτωνǫµ τ
λσ = ǫτθωνǫ µλστ
= − (gµθgωλgνσ + gνµgθλgωσ + gωµgνλgθσ − gµνgωλgθσ − gµθgνλgωσ − gωµgθλgνσ) . (A7)
So, the further calculation yields
ǫθτωνR˜µ των =
1
2
ǫτθωνǫ µλστ Rλσων
= −1
2
(
gµθRωνων +Rθωω µ +Rνθµν −Rωθω µ − gµθRνωων −Rθνµν
)
= −
(
Rθµ − 1
2
gµθR
)
−
(
R′θµ − 1
2
gµθR
)
. (A8)
If the Ricci tensor Rθµ and R′θµ are respectively defined to be Rθµ = Rνθµν , R′θµ = gλτRθλτµ, and the curvature
scalar R is obtained via Rωνων = −gαβRαβ = −R, then we can readily show that this identity
1
2
ǫθτωνR˜µ των = −
1
2
(
Gθµ +G′θµ
)
(A9)
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truly holds.
Appendix 3. Showing that 12
∫
Ω
√−gǫµτωνδRτωνµdΩ is a surface integral
For the first we obtain the variation of Rτωνµ
δRτωνµ = ∂
∂xν
δΓτ,ωµ − ∂
∂xµ
δΓτ,ων − δΓλ ωµΓλ,τν − Γλ ωµδΓλ,τν + δΓλ ωνΓλ,τµ + Γλ ωνδΓλ,τµ
=
(
∂
∂xν
δΓτ,ωµ − Γλ τνδΓλ,ωµ − Γλ µνδΓτ,ωλ
)
−
(
∂
∂xµ
δΓτ,ων − Γλ τµδΓλ,ων − Γλ νµδΓτ,ωλ
)
+ Γλ ωνδΓλ,τµ − Γλ ωµδΓλ,τν . (A10)
For the second, we analyze the third term Γλ ωνδΓλ,τµ on the right-handed side of Eq.(A10). The following calculation
is trivial
ǫµτωνΓλ ωνδΓλ,τµ =
1
2
ǫµτωνΓλ ωνδ
(
∂gµλ
∂xτ
− ∂gτµ
∂xλ
)
= −ǫµτωνΓλ ωνδ
1
2
(
−∂gµλ
∂xτ
+
∂gτµ
∂xλ
+
∂gλτ
∂xµ
)
= −ǫµτωνΓλ ωνδΓτ,λµ. (A11)
In the same manner, we can rewrite −ǫµτωνΓλ ωµδΓλ,τν as follows
−ǫµτωνΓλ ωµδΓλ,τν = ǫµτωνΓλ ωµδΓτ,λν . (A12)
So, it follows from both Eq.(A11) and (A12) that one can obtain
ǫµτων
(
Γλ ωνδΓλ,τµ − Γλ ωµδΓλ,τν
)
= ǫµτων
(−Γλ ωνδΓτ,λµ + Γλ ωµδΓτ,λν) , (A13)
which will lead to some changes in the expression for ǫµτωνδRτωνµ. Thus the integrand ǫµτωνδRτωνµ may be rewritten
as
ǫµτωνδRτωνµ = ǫµτων
(
∂
∂xν
δΓτ,ωµ − Γλ τνδΓλ,ωµ − Γλ ωνδΓτ,λµ − Γλ µνδΓτ,ωλ
)
− ǫµτων
(
∂
∂xµ
δΓτ,ων − Γλ τµδΓλ,ων − Γλ ωµδΓτ,λν − Γλ νµδΓτ,ωλ
)
= ǫµτων
[
(δΓτ,ωµ);ν − (δΓτ,ων);µ
]
. (A14)
By using ǫµτων;ν = ǫ
µτων
;µ = 0, one can therefore arrive at
1
2
ǫµτωνδRτωνµ = Bµ;µ =
1√−g
∂
∂xµ
(√−gBµ) with Bµ = −ǫµτωνδΓτ,ων . (A15)
Hence, we have shown that 12
∫
Ω
√−gǫµτωνδRτωνµdΩ is truly a surface integral, i.e.,
1
2
∫
Ω
√−gǫµτωνδRτωνµdΩ =
∫
Ω
∂
∂xµ
(√−gBµ)dΩ, (A16)
which is a four-dimensional volume integral of the divergence ∂
∂xµ
(
√−gBµ), and hence has no contribution to the
derivation of the dual Einstein tensor.
Appendix 4. The variation of the Levi-Civita tensor ǫ λστµ
With the help of the two expressions δ 1√−g =
1
2
1√−ggαβδg
αβ and δgµθ = −gµαgθβδgαβ , one can reach
δǫ λστµ = δ
(
gµθǫ
θλστ
)
= δgµθǫ
θλστ + gµθδǫ
θλστ
=
(
−gµαgθβǫθλστ + 1
2
gµθgαβǫ
θλστ
)
δgαβ. (A17)
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Thus we obtain the variation of the Levi-Civita tensor ǫ λστµ .
Appendix 5. Mid-dual and two-side dual curvature tensors
In Sec. III, we only considered the left-dual and right-dual Riemann (and hence Ricci) curvature tensors, and
showed that 12ǫ
τλσ
ν Rµτλσ ≡ 0, 12ǫ µτλν Rµτλσ = R˜νσ . In fact, there exist other kinds of dual Riemann tensors. See,
for example, 12ǫ
µλσ
ν Rµτλσ . It follows from the expression Rµτλσ = ∂∂xλΓµ,τσ − ∂∂xσΓµ,τλ − Γθ τσΓθ,µλ + Γθ τλΓθ,µσ
that
Rµτλσ = −Rτµλσ + (∂λ∂σ − ∂σ∂λ) gµτ . (A18)
Thus one can obtain
1
2
ǫ µλσν Rµτλσ =
1
2
ǫ µλσν (∂λ∂σ − ∂σ∂λ) gµτ . (A19)
Note that here 12ǫ
µλσ
ν (∂λ∂σ − ∂σ∂λ) gµτ = ǫ µλσν ∂λ∂σgµτ = 12ǫ µλσν ∂λ (∂σgµτ − ∂µgστ ) = −2R˜ντ . So, a useful fact
that no essential difference exists between 12ǫ
µλσ
ν Rµτλσ and R˜ντ is thus demonstrated. This, therefore, means that
we need not take account of 12ǫ
µλσ
ν Rµτλσ in considering the dynamics of gravitomagnetic charge.
In what follows, we will discuss the mid-dual and two-side dual curvature tensors. It will be shown that these two
kinds of dual curvature tensors are either trivial or equivalent to the left-dual tensor.
The mid-dual Riemann tensor under consideration is 12ǫ
λσ
τω Rµλσν , and the corresponding dual Ricci tensors can
be written as
gτω
(
1
2
ǫ λστω Rµλσν
)
= 0, gων
(
1
2
ǫ λστω Rµλσν
)
= 0, gωµ
(
1
2
ǫ λστω Rµλσν
)
= R˜τν , ... (A20)
It is readily verified that the mid-dual tensors in (A20) are either trivial or equivalent to the left-dual tensor.
The two-side dual Riemann curvature tensor is defined to be 12ǫ
λσ
µν Rλτωσ, the corresponding Ricci tensors of which
are given as follows
gµν
(
1
2
ǫ λσµν Rλτωσ
)
= 0, gµτ
(
1
2
ǫ λσµν Rλτωσ
)
= −R˜νµ, gµω
(
1
2
ǫ λσµν Rλτωσ
)
= −1
2
R˜ντ , ... (A21)
which are also trivial or equivalent to the left-dual tensor.
For this reason, in this paper we will not consider further other kinds of dual tensors such as mid-dual and two-side
dual curvature tensors.
Appendix 6. The duality relation between the electromagnetic field equations of magnetic and electric charges
The electromagnetic field equations of magnetic and electric charges are of the form (where jνe and j
ν
m are the
electric and magnetic charge current densities, respectively)
∂µFµν = jνe , ∂µF˜µν = jνm (A22)
with Fαβ = ∂αAβ − ∂βAα, F˜µν = 12ǫµναβFαβ, Fµν = − 12ǫµναβF˜αβ . The above electrodynamics is developed in the
framework of the electromagnetic field Aµ. In contrast, we can also propose a dual theory to the above one, where
the formalism is constructed in the framework of the so-called dual electromagnetic field A˜µ, i.e.,
F˜µν = ∂µA˜ν − ∂νA˜µ, Fµν = −1
2
ǫµναβF˜αβ. (A23)
The above theories are dual to each other and, furthermore, equivalent to one another. This, therefore, implies that
one can study the electrodynamics not only in the framework of Aµ but also in the one of A˜µ. In Sec. VIII, the
similar dual phenomenon in gravity theory is discussed, where a second-rank antisymmetric tensor hµν is defined to
describe the gravitational field. So Einstein’s field equation can also be expressed inside the framework of hµν , just
as the fact that the electrodynamics can be described within the framework of A˜µ.
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